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ABSTRACTABSTRACT
TheThe more more importantimportant techniquestechniques ofof discounteddiscounted cash cash flowflow, , 
as as thethe net net presentpresent valuevalue andand internalinternal raterate ofof returnreturn can can 

be extended be extended toto investmentinvestment projectsprojects withwith fuzzyfuzzy cash cash flowsflows
ThisThis paperpaper extendsextends thethe conceptconcept ofof net net presentpresent valuevalue forfor

trapezoidal trapezoidal fuzzyfuzzy numbersnumbers appliedapplied toto independentindependent oror
mutuallymutually exclusive exclusive projectsprojects withwith differentdifferent selectionselection

criteriacriteria. . 
AlsoAlso, , itit defines defines thethe trapezoidal trapezoidal andand triangular triangular ratesrates ofof

returnreturn andand otherother variantsvariants thethe average average andand intermediateintermediate
ratesrates ofof returnreturn andand criteriacriteria appliedapplied in in eacheach case. case. 

AllAll thesethese techniquestechniques can be can be appliedapplied relativelyrelatively easyeasy in a in a 
spreadsheetspreadsheet oror usingusing specializedspecialized software.software.



INTRODUCTIONINTRODUCTION
TheThe net net presentpresent valuevalue andand thethe internalinternal raterate ofof

returnreturn can be extended can be extended toto investmentinvestment projectsprojects
withwith fuzzyfuzzy cash cash flowsflows ((ChiuChiu andand ParkPark, 1994), , 1994), 

withoutwithout somesome propertiesproperties ofof real real modelsmodels, , mainlymainly
becausebecause thethe algebraicalgebraic structurestructure ofof fuzzyfuzzy

numbersnumbers excludeexclude thethe distributivedistributive propetypropety oror
multiplicativemultiplicative inversesinverses ((DuboisDubois, 1979; , 1979; BuckleyBuckley, , 

1987; R1987; Rííos, 1999).os, 1999).

TheThe applicationsapplications ofof thesethese techniquestechniques toto thethe
investmentinvestment decisionsdecisions are are numerousnumerous in Capital in Capital 

BudgetingBudgeting ((KahramanKahraman et al., 2002) et al., 2002) andand PortfolioPortfolio
SelectionSelection ((HuangHuang, 2007)., 2007).



TRAPEZOIDAL RATE OF RETURN
A trapezoidal fuzzy cash flow 

Fj = [Fj1, Fj2, Fj3, Fj4] is conventional 
if it satisfies the following conditions: 

Foi < 0  ,  Fji > 0  ,  Σ j=0..n Fji > abs (Foi)   
i = 1,2,3,4  and j =1,2,...n. 

Under these conditions exists for each i  a single real 
internal rate Ri> 0 such that 

 Σj=0..n Fji*(1+Ri)-j = 0. 
Moreover, since by hypothesis

Fj1 ≤ Fj2 ≤ Fj3 ≤ Fj4   
also have to R1 ≤ R2 ≤ R3 ≤ R4



TRAPEZOIDAL RATE OF RETURNTRAPEZOIDAL RATE OF RETURN
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ApplicationApplication CriteriaCriteria
LetLet FjFj = [FJ1, Fj2, Fj3, FJ4] a = [FJ1, Fj2, Fj3, FJ4] a conventionalconventional

fuzzyfuzzy cash cash flowflow andand K = [K1, K2, K3, K4] K = [K1, K2, K3, K4] thethe
discountdiscount raterate. . 

IfIf FIRR > K FIRR > K thenthen NPVD > 0  NPVD > 0  
ifif FIRR < K FIRR < K thenthen NPVD <0.NPVD <0.

AsAs a a corollarycorollary ofof thethe aboveabove resultresult therethere isis a a 
criterioncriterion forfor selectingselecting thethe FIRR FIRR forfor conventionalconventional
fuzzyfuzzy cash cash flowsflows consistentconsistent withwith thethe criterioncriterion ofof

NPVD: NPVD: IfIf FIRR > K FIRR > K thenthen NPVD > 0NPVD > 0
andand thereforetherefore, , thethe projectproject isis acceptedaccepted. . 

IfIf FIRR < K FIRR < K thenthen NPVD < 0NPVD < 0
andand thereforetherefore thethe projectproject isis rejectedrejected..



TRIANGULAR RATE OF RETURNTRIANGULAR RATE OF RETURN
Given the FIRR =  [ R1 , R2 , R3 , R4 ], it is Given the FIRR =  [ R1 , R2 , R3 , R4 ], it is 

possible to construct a triangular rate of return possible to construct a triangular rate of return 
TRR = [TRR = [RmRm , , RpRp,  RM], defining ,  RM], defining RpRp for cut for cut αα=1 =1 
as as thethe geometricgeometric mean mean ofof R2 and R3 , R2 and R3 , 

(1+Rp)(1+Rp)22 = (1+R2)(1+R3) = (1+R2)(1+R3) 
(1+Rm)(1+Rm)22 = (1+R1)(1+R2 = (1+R1)(1+R2 

(1+RM)(1+RM)22 = (1+R3)(1+R4). = (1+R3)(1+R4). 
The NPVD discounted at theThe NPVD discounted at the

TRR is a triangular fuzzy numberTRR is a triangular fuzzy number
contains a zero for some contains a zero for some αα--cut. cut. 



TRIANGULAR RATE OF RETURNTRIANGULAR RATE OF RETURN
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IntermediateIntermediate RateRate ofof ReturnReturn

For conventional cash flow For conventional cash flow FFjj,,
the the IntermediateIntermediate RateRate ofof ReturnReturn

InRRInRR = [R= [Raa , , RRbb]  ]  isis defineddefined by by equationsequations
ΣΣ jj=0..n=0..n (Fj1 + Fj2)(1+R(Fj1 + Fj2)(1+Raa))--jj = 0= 0
ΣΣ jj=0..n=0..n (Fj3 + Fj4)(1+R(Fj3 + Fj4)(1+Rbb))--jj = 0.= 0.

BothBoth RRaa andand RRbb existexist becausebecause thethe sumsum ofof
conventionalconventional cash cash flowflow isis conventionalconventional, , 

andand itit followsfollows thatthat R1 < R1 < RRaa < R2   < R2   
andand R3 < R3 < RRbb < R4 . < R4 . 



Application CriteriaApplication Criteria
Let Let FjFj j = 1 ... n, a conventional fuzzy cash flow, j = 1 ... n, a conventional fuzzy cash flow, 

KK the fuzzy the fuzzy minimunminimun rate and E(rate and E(NPVDNPVD) the ) the 
mean value of fuzzy net present valuemean value of fuzzy net present value

(Dubois(Dubois--PradePrade))

If If InRRInRR > K > K then E(then E(NPVDNPVD) ) > 0 > 0 andand
if if InRRInRR < K < K then  E(then  E(VPNDVPND)) < 0< 0



Average Average RateRate ofof ReturnReturn
Given a conventional cash flowGiven a conventional cash flow

FFjj = [ F= [ Fj1j1 , F, Fj2j2 , F, Fj3j3 , F, Fj4j4 ] ,  ] ,  wewe can determine a can determine a 
real real numbernumber RRλλ , 0 , 0 ≤≤ λλ ≤≤ 1,   1,   withwith thethe folowingfolowing

propertyproperty
(1(1-- λλ))ΣΣ j=0..nj=0..n (F(Fj1j1+F+Fj2j2)(1+R)(1+Rλλ))--jj ++

λ Σλ Σ j=0..nj=0..n (F(Fj3j3+F+Fj4j4)(1+R)(1+Rλλ))--jj = 0= 0

The average rate The average rate RRλλ existsexists becausebecause thethe sumsum ofof
conventionalconventional cash cash flowflow isis conventionalconventional



IntermediateIntermediate andand Average Average 
RateRate ofof ReturnReturn
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Application CriteriaApplication Criteria
Let  Let  FFjj j=1...nj=1...n , be a fuzzy cash flow, , be a fuzzy cash flow, KK the the 
fuzzy  minimum rate and  fuzzy  minimum rate and  VVλλ((NPVDNPVD)  )  thethe
average average valuevalue ofof thethe fuzzyfuzzy net net presentpresent

valuevalue forfor a a fixedfixed valuevalue ofof λλ..

If  If  RRλλ > K4 > K4 then then VVλλ((NPVDNPVD) > 0) > 0 and and 
if if RRλλ < K1  then < K1  then VVλλ((NPVDNPVD) < 0.) < 0.



CONCLUSIONSCONCLUSIONS
TheThe constructionconstruction ofof thethe cash cash flowflow ofof anan

investmentinvestment projectproject involvesinvolves toto estimateestimate futurefuture
revenuesrevenues andand expendituresexpenditures, , whichwhich dependdepend onon

otherother parametersparameters suchsuch as as interestinterest ratesrates, , inflationinflation
oror exchangeexchange raterate..

TheseThese variables are variables are generallygenerally uncertainuncertain, , andand ifif
therethere isis notnot reliablereliable probabilisticprobabilistic informationinformation, , youyou

can define can define fuzzyfuzzy cash cash flowsflows thatthat representrepresent
reasonablyreasonably availableavailable informationinformation..



CONCLUSIONSCONCLUSIONS
In In thisthis researchresearch, , wewe define define thethe

trapezoidal trapezoidal andand triangular triangular ratesrates ofof returnreturn
andand otherother variantsvariants appliedapplied atat intervalsintervals as as 
thethe average average andand thethe intermediateintermediate raterate ofof
returnreturn andand thethe criteriacriteria appliedapplied in in eacheach casecase

AllAll thesethese techniquestechniques can be can be appliedapplied
easilyeasily in a in a spreadsheetspreadsheet oror usingusing
specializedspecialized software.software.


